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I. Introduction 
 
In the paper with the above-noted title, T. C. Wallstrom [1] claims that the description of the 
particle’s motion as a certain “conservative” diffusion [2] is not equivalent to quantum mechanics 
in spite of the fact that the Madelung “hydrodynamic” equations (ME), which provide the stochastic 
mechanical description of such diffusion for particles without spin, can be converted to the 
Schrodinger equation (SE).  
 
The ME have the form [2, 3], 
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Eq. (1) is sometimes called the quantum Hamilton-Jacoby equation, having an additional “quantum 
potential”,  2 22m a a  . In the stochastic mechanical approach [2]  rS S ,t  in (1, 2) is the 
“hydrodynamic” action in the ensemble of particles moving randomly along nondifferentiable 
trajectories, m is mass of a particle, and a   where  r ,t  is the probability density. Eq. 
(2) is the equation of the probability conservation with velocity of the probability current,  
 
                                                                      v S m  .                                                                   (3)                                 
 
From their physical meaning  r ,t   and  v = v r ,t must be single-valued functions of r , and 
in addition  r ,t   must be nonnegative.  
 
ME (1, 2) can be converted to the SE, using the ansatz,  
 
                                                               
  a exp iS /   ,                                                           (4) 
with a and S being real functions.  
 
Reversely, Eqs. (1, 2) can be derived from the SE [3] for the wave function  Ψ = Ψ ,tr , 
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using the ansatz, which is inversed to (4),   
                                                               
  aexp iS /  .                                                              (6) 
 
So there is one-to-one correspondence between local solutions of the ME and the SE. From the 
stochastic mechanics perspective the transformation of nonlinear ME into the linear SE is just a 
suitable mathematical technique that provides an easy way of finding their solutions.  
 
Let us consider a stationary stochastic process. By definition in such a process  rU ,  ra , and 
 v r in Eqs. (1 – 3) are time-independent, which is possible only if  rS S Et  , where E is a 
constant expectation value of the energy in the ensemble. Wave function (6), which describes such 
a stationary process (“stationary state”) has the form,      r r,t exp iEt    . So we can 
rewrite (6) as 
                                                        
     a exp iS    r r r                                                      (6a) 
 
Wave function  r satisfies the time-independent SE.  
 
Using Eq. (3) and S t E     we have from ME (1, 2) and Eq.(3),  
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and 
                                                                   2 0va  ,                                                                     (8) 
                                                                  
In conventional quantum mechanics the wave function  r of a particle without spin is required to  
be single-valued. Taking into account ansatz (6a) one can write the condition for the single-
valuedness of  r  in the form,  
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Here L is an arbitrary loop in space.  
 
Assuming that the condition of single-valuedness of  r is auxiliary to SE, Wallstrom pointed out 
[1], that the stochastic mechanical approach can be regarded as equivalent to conventional quantum 
mechanics only if they can derive from it not just ME (1, 2) but also condition (9), what according 
to him is probably impossible. The only natural condition on the wave function in the stochastic 
mechanical approach is the single-valuedness of the modulus of the wave function,  r , which 
follows from the single-valuedness of  r  . Wallstrom tried to show that in such a case SE has 
solutions  r , which are not single-valued. 
 
We, however, will show that the single-valuedness of the wave function is not an auxiliary 
condition imposed on solutions of SE but a property of all its non-spurious local solutions. Based 
on the one-to-one correspondence between local solutions of ME and SE, this means that (9) is a 
property of all solutions of ME.  
 
II. Two-dimensional central potential 
 
In order to demonstrate his point Wallstrom considers a stationary state in a two-dimensional  
central potential without imposing on wave function the condition of single-valuedness [1]. In such 
a case, using the polar coordinates (r, ) we can write,  U U r , and separate variables in the 
time-independent SE,      r R r     [4, 5], 
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where  is a constant and  R r is a real function.  
 
Let us consider Eq. (10). In order for  r to be single-valued,     must be periodic functions 
with the period equal to 2 ,  
                                                           
   2       .                                                      (12) 
 
Wallstrom considers only the simplest type of solutions of Eq. (10),  
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where is a real constant.  He states that without imposing on a wave function the condition of 
single-valuedness (periodicity),  
                                                             
   2       ,                                                       (14) 
 
eigenfunctions    (13) are (local) solutions of Eq. (10) for arbitrary real value of   [7] – 
having   const   it surely satisfies the condition (12). In such a case the “action of a circular 
motion”,  1S     [4],  1S dS d / r     ˆ   r ˆ  and therefore, 
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where L is a circle of radius r and  is arbitrary real number.  
 
So the loop integral (15) is not necessarily quantized in contradiction with the condition (9). At first 
sight this conclusion looks right, but, as we show below, solutions (13) are spurious unless they 
satisfy the condition of 2 -periodicity, (14), which is possible only if 0 1 2 3, , , ,...     . 
 
In order to do so we have to take into account that, the circulation motion of particles described by 
Eq. (10) occurs in two-dimensional space and therefore the wave function      r R r     , 
which describes it, must, as any other true solution, satisfy SE in two-dimensional space in any 
coordinate system (e.g. in Cartesian) [8].
 
 
Let us consider the behavior of a solution  ,nR r of the radial SE (11) in the limit 0r  . Here n 
indicates an eigenfunction corresponding to a certain eigenvalue of the energy
,nE (the spectrum of 
the energy can be continuous or/and discrete). Assuming that potential  U r is not singular in the 
origin, or at least does not tend to infinity too fast,    2 2 22U r m r   as 0r  , it can be 
neglected very close to the origin. In such a limit Eq. (11) turns into Bessel’s equation and describes 
the radial motion of a free particle. So, taking into account that  ,nR r  must be regular at 0r  , 
we find that near the origin    ,nR r J kr  , the Bessel function of the first kind of order  , and 
2 n,k = ME .  
 
Thus the approximation form of the full wave function,  r,n , near of the origin is,  
                                               ,n ,n free    r r    exp i J kr ,                                           (16) 
 
But if a particle is (approximately) free, its wave function very close to the origin must be a 
superposition of plane waves  krexp i , which are eigenstates of the free two-dimensional SE for a 
given eigenvalue of the energy, ,nE ,  
 
                                                         n free r kr,  d A exp i     
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where all k have the same magnitude, k determined above,  is an angle between k and x axis and 
 A  is a certain function, which should be determined by expanding   r,n free (16) in plane 
waves. It follows from the right hand side of Eq. (17) that independently of the form of  A   
 n free r,   must be a periodic function of with the period 2 . According to formula (16) this 
requires that  exp i must be 2 -periodic. As we mentioned above that is possible only if is an 
integer. In such a case Eq. (15) coincides with the condition (9). 
 
III. General three-dimensional case 
 
Let us now consider the general stationary stochastic process described by Eqs. (7, 8). Our goal is to 
figure out possible values of the loop integral, l
L
d S , in order to check whether the condition (9) 
is satisfied. 
 
First of all it is clear that this integral can be nonzero only if the gradient, S or, equally,  v r (3) 
has singularities inside the loop L. Velocity  v r must be singular at points where the quantum 
potential,    2 22m a a  r is singular. As follows from Eq. (7), in such points the singularity of 
the quantum potential must be cancelled by the singularity of the kinetic energy,
 
   22m v r , 
assuming, as is usually the case, that potential  rU is not singular at these points, or at least does 
not tend to infinity too fast [9]. The quantum potential may be singular only at “nodal” points 
of  ra , determined by the equation   0ra  . Nodal points, at which velocity  v r  is singular, form 
“nodal” lines [10].  
 
Let us consider a plane, which crosses a nodal line at some point, and introduce polar coordinates in 
such a plane, having the origin at the crossing point. As we discussed in the preceding paragraph 
  0a r,   and  v r,  
 
as 0r  . In result, in the area very close to the origin the kinetic 
energy and the quantum potential are very big and therefore    rU U r,  in Eq. (7) can be 
neglected. So the particles can be considered as almost free very close to the origin, similarly to the 
case of a two-dimensional central potential discussed in section II. So the wave function  r , 
which describes the circular motion of the Madelung “probability fluid” around a nodal line, must 
have near the origin the universal approximate form (16) with an integral value of , 
1 2 3, , ,...     ( 0   is excluded by the requirement that   0a r,   ).  
 
If the integral, l
L
d S  is taken along the loop L, which surrounds only one nodal line we can 
deform L to a very small circle around this line. As we showed above, for a very small r the wave 
function of the circular motion around a nodal line is determined by formula (16) with integral 
values of . Therefore the loop integral transforms to Eq. (15) with 1 2 3, , ,...     . If the loop L 
surrounds a few nodal lines, the loop integral is equal to the sum of the loop integrals around of 
each nodal line. This can lead to 0  . The loop integral is also equal to 0 if there is no any nodal 
line inside the loop. In result the loop integral is always quantized and the condition (9) is fulfilled. 
 
Thus we showed that ME are equivalent to SE.   
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